A Lagrangian particle cloud model is proposed that accounts for the effects of Reynolds-averaged particle and turbulent stresses and the averaged carrier-phase velocity of the subparticle cloud scale on the averaged motion and velocity of the cloud. The SPARSE (subgrid particle averaged Reynolds stress equivalent) model is based on a combination of a truncated Taylor expansion of a drag correction function and Reynolds averaging. It reduces the required number of computational parcels to trace a cloud of particles in Eulerian-Lagrangian methods for the simulation of particle-laden flow. Closure is performed in an a priori manner using a reference simulation where all particles in the cloud are traced individually with a point-particle model. Comparison of a first-order model and SPARSE with the reference simulation in one dimension shows that both the stress and the averaging of the carrier-phase velocity on the cloud subscale affect the averaged motion of the particle. A three-dimensional isotropic turbulence computation shows that only one computational parcel is sufficient to accurately trace a cloud of tens of thousands of particles.
A Lagrangian particle cloud model is proposed that accounts for the effects of Reynolds-averaged particle and turbulent stresses and the averaged carrier-phase velocity of the subparticle cloud scale on the averaged motion and velocity of the cloud. The SPARSE (subgrid particle averaged Reynolds stress equivalent) model is based on a combination of a truncated Taylor expansion of a drag correction function and Reynolds averaging. It reduces the required number of computational parcels to trace a cloud of particles in Eulerian-Lagrangian methods for the simulation of particle-laden flow. Closure is performed in an a priori manner using a reference simulation where all particles in the cloud are traced individually with a point-particle model. Comparison of a first-order model and SPARSE with the reference simulation in one dimension shows that both the stress and the averaging of the carrier-phase velocity on the cloud subscale affect the averaged motion of the particle. A three-dimensional isotropic turbulence computation shows that only one computational parcel is sufficient to accurately trace a cloud of tens of thousands of particles.
Introduction
The Eulerian-Lagrangian (EL) model, introduced by Crowe et al. [1, 2] , is one of the major approaches used for computing the interaction of a large number of particles with a turbulent flow. In the EL model, each
Derivation of the model
The Lagrangian equations that govern the particle motion under the point-particle assumption in general form are dx p dt = v p (2.1) and
2)
where v p is the particle velocity vector, u is the carrier-phase velocity vector and τ p is the particle time constant [2] . The drag correction factor, C D s , is necessarily an empirical function that modifies the Stokes drag for a number of nonlinear physical effects, such as Reynolds number [2] , Mach number [32] or particle number density [33] . As many of the physical corrections such as Reynolds number and Mach number correction depend on the relative interphase velocity, a = u − v p , we rewrite (2.2) as
to derive the SPARSE model. We have taken the correction function, f (a) = C D s /τ p , that depends on the relative interphase velocity only. The derivation of the SPARSE model, however, is easily extended for a correction function that is dependent on more variables (see also Remarks below). CIC models a group of particles with a single computational parcel. The properties of the group of particles are ensemble averaged as
To derive a governing equation for the averaged single-parcel motion a Reynolds decomposition, η =η + η , is performed to split particle properties into an averaged,η, and a fluctuating, η , component. Reynolds averaging (2.3) leads to 
Here,ā =ū −v p , whereū is the average of the carrier-phase velocity at all particle locations, and a = u − v p , where u are the carrier-phase velocity fluctuations at the particle positions and v p are the fluctuations in the particle phase.
In the tradtional CIC approach [3] , the average of the correction factor term is simply set as the correction factor for the average interphase velocity,
where the averaged carrier-phase velocity is taken as the carrier-phase velocity at the average particle position,ū = u(x p ). Instead of the assumption in (2.8), we propose to Taylor expand f (ā + a ) aroundā. With the three-dimensional vector components,ā = (a 1 , a 2 , a 3 ) = (ā 1 + a 1 ,ā 2 + a 2 ,ā 3 + a 3 ); this leads to
The Taylor series is truncated at second-order terms O(a 2 ) for interphase velocity fluctuations that are small when compared with the averaged interphase velocity. Substituting (2.10) in the particle momentum equation (2.3) yields
After expanding and averaging, we obtain
In (2.12) the terms a a are recognized as stresses that typically arise in Reynolds averaging and that require closure. In this study, these terms will be closed using an a priori approach where the results of Eulerian-Lagrangian simulations are averaged to find the stresses in the SPARSE model.
Remarks.
(i) The average carrier-phase velocity in the cloud is not equal to the carrier-phase velocity at the averaged particle location, u(x p ) = u(x p ). A model is required to close the averaged carrier-phase velocity of the particles. In this paper, we use an a priori closure. (ii) Equation (2.9) results if, in the SPARSE derivation, the first-order term in the Taylor expansion in (2.10) is truncated. The CIC is hence a first-order model, whereas SPARSE is a second-order model. Depending on the truncation of the Taylor series any order model may be derived. In the remainder of this paper, we refer to the combination of the CIC model and the carrier-phase velocity at an averaged particle location taken (erroneously) to be equal to u(x p ) as a first-order model. We shall refer to the combination of a second-order model and u(x) as the carrier-phase velocity as the SPARSE model. (iii) Taylor expansion of the correction function leads to terms in the particle momentum equation that have integer powers only. Reynolds averaging on terms with integer powers is straightforward, whereas Reynolds averaging on terms with real and fractional powers (typical for the empirical functions such as C D s ) is very challenging. (iv) It is assumed that the interphase velocity perturbations are small. This is not always the case. For example, when the particle response time, τ p , is large (heavy particles) and the initial particle velocities are large and have a large variation, then the fluctuations of the particles are large compared with the computational particle velocity. In this case, the validity of CIC and/or SPARSE will only hold for short times. (v) If f (a) depends on variables other then the interphase velocity, for example particle diameter or number density, then a Taylor expansion has to be performed around those variables also. Averaging leads to additional second-order correlations that require closure. (vi) For a posteriori tests, the interphase stress terms require modelling and extensive knowledge of f (a). In [31] , we present a multi-scale framework in which we use full-scale simulations to obtain detailed information for f (a).
One-dimensional verification tests
The SPARSE model improves upon the first-order model in two ways. Firstly, SPARSE accounts for the subscale particle fluctuations through stress terms. Secondly, SPARSE averages the carrierphase velocity at the particle locations correctly. In this section, we verify the impact of these two model improvements with one-dimensional test cases.
In the tests, the carrier field is analytically specified to prevent errors in the carrier-phase solver from polluting the model error investigation. Ten thousand particles initialized in a cloud are individually traced according to (2.3) . We refer to this solution as the 'exact' solution. SPARSE and the first-order model trace the averaged location and velocity of this cloud with a single computational parcel. The stress terms and carrier-phase velocity at the particle location are a priori obtained from the 'exact' solution.
(a) Effect of the Reynolds stress equivalent terms
To isolate the effect of the stress closure from the effect of the carrier-phase velocity closure, we first consider a constant carrier-phase velocity,
in which case u(x p ) = u(x p ), i.e. the carrier-phase velocity modelled by the first-order model and the SPARSE model are the same in this case. The difference between the two models can hence only be caused by the stress terms in SPARSE.
For the exact reference case, 10 000 particles are initialized at the following locations and velocities:
x p = σ x · d cloud modelled parcel's location and velocity is initialized with the mean of the exact locations and velocities, respectively. Time integration is performed using a first-order explicit time-stepping routine with a time step of t = 10 −5 , which ensures that numerical time integration errors are smaller than the model errors.
The particle correction factor, f (a), is taken to be a linear function of a,
similiar to low Reynolds number correction factors [34] . As derivatives of order higher than 1 are zero, the second-order expansion in (2.10) and hence the SPARSE model is exact. With exact a priori closure the SPARSE model is the same as the exact model, as confirmed in figure 1 . Figure 2a Figure 4 . Modelling error of the mean particle (a) velocity and (b) location using the first-order and SPARSE models with a uniform background fluid velocity and an absolute value correction factor. (Online version in colour.) the particle phase, causing the modelled particle to lag behind the average particle position of the exact cloud.
For the initial conditions in (3.2), the interphase velocity difference can be negative and hence the correction factor in (3.3) can also have negative values. For a negative correction factor particles are non-physically propelled.
Using the following correction factor of f (a) = |a| 10 , (3.5) based on the absolute velocity, |a| is more physical because f (a) is always positive. Note that f (a) in (3.5) is nonlinear because of discontinuous derivatives at a = 0. The nonlinearity leads to errors in the modelling of the average particle velocity with the SPARSE model (figures 3b and 4) . Because the SPARSE model accounts for the perturbations in the particle phase, it is still significantly more accurate than the first-order model.
(b) Effect of modelling the average cloud velocity
To test the erroneous assumption thatū(x p ) =ū(x p ) in the first-order model, a constant correction factor comparable to the Stokes drag [35] is used, enables an investigation into the errors caused by the incorrect sampling of the carrier-phase velocity at a single point in the first-order model. Figures 5a and 6a show that first-order modelling of the fluid velocity can lead to errors as high as 17% whereas the averaged velocity and location of the cloud is a priori closed in an exact manner with the SPARSE model. Because the perturbations in the fluid velocity are periodic, the errors in the modelled particle velocity are oscillatory and only cause a maximum 1% error in the particle location in figures 5b and 6b.
Validation of SPARSE: decaying isotropic turbulence
To more rigorously test SPARSE a group of particles traced in a decaying isotropic turbulence according to the 'exact' model is compared with the first-order model and a priori closed SPARSE.
The isotropic turbulence simulation is performed in a cube with periodic boundary conditions on all sides. Following [36] [37] [38] an initial correlated flow field is determined based on specified energy spectra. Computations are performed with a compressible Navier-Stokes solver based on a fourth-order central difference method for the fluxes (as described [4] ). To verify the Navier-Stokes solver, we compare computations with this code with 128 cubed number of grid points with the case referred to as 'iga96' in [36, 38] computed with an N = 96 Fourier spectral method. Blaisdell et al. [36, 38] 4 2 Figure 7 . Comparison of the turbulent kinetic energy versus time in isotropic turbulence using a high-order EL code from Jacobs & Don [4] and a Fourier spectral method performed by Blaisdell et al. [36, 38] .
(Online version in colour.)
The average initial fluctuating Mach number,
where u i is the fluctuating fluid velocity, is set to M 0 = 0.05. The reference fluid Reynolds number is set to Re f = 2357. The decay of turbulent kinetic energy, TKE = 1 2ū 2 i , in figure 7 compares well with the results from Blaisdell et al. [36, 38] . The oscillatory trend in TKE is well known and documented and is caused by pressure dilation [39] .
To test the particle models an exact case that initializes 30 3 = 27 000 particles uniformly over 3 × 3 × 3 grid cells serves as a reference against which the first-order model and SPARSE are tested. When compared with iga96 the initial velocity field is scaled by a factor of 5. This ensures that the carrier phase disperses the particle cloud more significantly than the iga96 velocity field and hence the effects of the cloud modelling are more visible. The initial particle velocity is set according to a uniform random number around zero with an absolute maximum of 2.5. We use the following drag correction function:
which corrects the Stokes drag for high relative particle Reynolds number, Re p = |v f − v p |d p /ν, and Mach number, M p = |v f − v p |/ √ T f , according to Boiko et al. [4, 6, 7, 32, 40] . The particles' response time is set to τ p = 0.01. Matlab was used to compute the partial derivatives of the drag coefficient equation, which are needed for the SPARSE model in (2.12) .
The time lapse in figure 8 shows that the cloud modelled with SPARSE (red sphere) closely follows the average location of the exact cloud (green sphere), while the first-order model (red sphere) deviates significantly from the exact cloud. The temporal dispersion of the exact cloud is visualized by the large diameter of the exact model (green) sphere when compared with the initial diameter of the (red and blue) cloud approaches. Dispersion, as measured by for example the rate of change of the cloud radius, is not modelled in the SPARSE and first-order model and it is the subject of ongoing investigation.
A comparison of the average particle cloud distance from the origin, figure 9 confirms the improved modelling by SPARSE when compared with the first-order model. While both the exact cloud and the computational clouds are initially entrained in the same turbulent eddy, the average velocity over the cloud used in SPARSE is near zero, while the local velocity used in the first-order model is large. The latter cloud is hence displaced more. With increasing time, the exact cloud disperses and the fluid velocity is sampled over a larger area. Because the turbulence is isotropic and decaying the averaged fluid velocity goes to zero over a larger area and increasing time, respectively. The local velocity decays in time also, but deviates from the near-zero, averaged velocity, leading to the deviation of the first-order model in time.
Errors in the magnitude of the distance from the origin and velocity plotted in figure 10 show that SPARSE modelling errors are non-zero, because the drag correction in (4.2) is nonlinear and hence the Taylor truncation error in (2.10) used for SPARSE is non-zero. The error however is small, within 0.5% of the exact model.
The impacts of two modelling components of the SPARSE model, including the averaging of the fluid velocity of the cloud and the stress modelling, are compared in figure 11 . Plotted are the two terms on the r.h.s. of (2.12). The first term that is affected by the cloud velocity averaging is significantly larger than the second term, which is proportional to the subcloud stresses. The second term is of the order of 10 −5 . In general, the effect of the subcloud stresses is not necessarily smaller than the effect of velocity averaging, as was seen in the one-dimensional tests.
Conclusion and future work
SPARSE provides a model that traces a group of point particles through a single computational point parcel. The model improves upon CIC methods by, firstly, accounting for fluid and particle stress (i.e. the Reynolds stress equivalent) terms and, secondly, averaging of the fluid velocity at the Lagrangian computational particle. One-dimensional and three-dimensional a priori tests show that both improvements yield an excellent comparison of the averaged trace of a cloud of particles and the computational parcel.
This paper is only a first step in the development of a closed SPARSE model. Current investigation focuses on closure based on a multi-scale approach as reported in [31] . 
